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Dispersion properties of guided modes in three-layer slab waveguide 
structures with a linearly graded-index profile film are investigated. 
Closed-form expressions for electric and magnetic fields and the 
dispersion relation are derived. For transverse electric (TE) and 
transverse magnetic (TM) waves, the three normalized parameters: the 
asymmetry measure (a), the generalized frequency (V) and the 
generalized guide index (b) are utilized to study the dispersion properties 
of the proposed slab waveguide structures. We assume three structures: 
the first comprises a left-handed material (LHM) cladding, the second 
comprises a LHM substrate layer and the third has a LHM cladding and 
LHM substrate. The results show that the proposed waveguide exhibit 





   الملخص
ىدف الدراسة ىو دراسة خصائص انتشار الموجات الكيرومغناطيسية في موجيات موجات 
خطية تتكون من ثالث طبقات بمتامل انكسار متدرج لطبقة المب والطبقتين االخريين عمى مواد 
استخدم . تقتصر الدراسةعمى المجاالت الكيربائية والمغناطيسية واشتقاق عالقة التشتت. يسارية
  V, b, a.في دراسة خصائص التشتت لمنموذج المقترح المتامالت الثالثة المشيورة 
وتم افتراض ثالث حاالت ليذه " الغطاء والمب والركيزة "النموذج المقترح مكون من ثالث طبقات 
والثانية عندما تكون الركيزة مكونة من مادة ، األولى الغطاء مكون من مادة يسارية: الطبقات
 .وأخيرا عندما يكون كل من الغطاء والركيزة مكون من مادة يسارية، يسارية
ولكن الزيادة في مقدار كل من النفاذية ،  تزدادV فإن قيمة bوجد أنو عند زيادة قيمة 
 bالمغناطيسية أو السماحية الكيربية لوسط الغطاء أو لوسط الركيزة يمدي إلى نقصان قيمة 
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Waveguides for integrated-optics applications can be fabricated in a variety of 
techniques. Deposition of a thin film of a lossless material on a substrate of lower 
refractive index is considered the most common method of waveguide fabrication.  
For several graded-index waveguides, the guiding and substrate layers merge 
smoothly into an adjoining region such that the index of refraction of the two layers 
becomes a continuous function. The refractive index profiles in the two layers can be 
combined and represented by a continuous function that varies continuously from the 
index of refraction of the guiding film (nf) to that of the substrate (ns). Here nsis the 
refractive index deep in the substrate layer and nf is the refractive index at the film–
clad interface. The refractive index of the cladding layer is nc.  
This thesis is divided into four chapters as follows.  
The main objective of Chapter 1 is to introduce for basic waveguide equations. A 
brief review of Maxwell's equations, wave equation, total internal reflection, and 
power considerations is also given. Chapter 2 is intended to present an overview of 
materials with negative electric permittivity and negative magnetic permeability. It 
also presents an overview of graded index. In Chapter 3 we will consider a three-
layer waveguide structure with a linearly graded-index profile film for transverse 
electric mode (TE). Chapter 4 introduces transverse magnetic mode (TM). Closed-
form expressions for electric and magnetic fields and the characteristic equation are 
derived.  
Three different waveguide structures are considered in Chapters 3 and 4. In the first, 
we assume a LHM cladding. In the second structure, the substrate layer is assumed to 
be LHM. In the third structure, a LHM layers is assumed to exist in both cladding 














































BASIC WAVEGUIDE EQUATIONS 
 
This chapter aims to establish the fundamental concepts and the basic background of 
guided waves. It also displays the basic equations needed to analyze slab waveguide 
structure. A brief review of Maxwell's equations, wave equation, total internal reflection, 
and power considerations is given. The concepts of transverse electric mode (TE) and 
transverse magnetic mode (TM) polarizations and waveguide modes are also presented . 
 
1.1 Introduction to electromagnetic theory 
James Clark Maxwell (1831-1879) established the most important experimental laws in 
electromagnetics, which were  presented by former scientists, and he formulated a 
symmetric coherent set of equations governing the behavior of electromagnetic 
phenomena. These equations are known as Maxwell's equation. These equations 
predicted the existence of electromagnetic waves that propagate through space at the 
speed of light c (Griffiths, 1999; Dubroff, Marshal and Skitek, 1996). With the discovery 
of electromagnetic waves, it was possible to invent many practical communication 
systems, television, radar and optoelectronics devices (Cherin, 1983). The 
electromagnetic waves are transverse waves. Once created, these waves continue to move 
with a finite velocity independent of the source that produced them. 
1.1.1 Maxwell's equations 
Maxwell's equations are the basic to describe the electromagnetic waves, and they gather 
the work of Gauss, Faraday and Ampere in one theory, the theory of classical 
electromagnetism, after correcting Ampere's law by adding the displacement current. 
They can be written in many forms (microscopic and macroscopic forms). These 
equations can be written in diffrential or integral form. 
1.1.2 Maxwell's equations in integral form 
The Maxwell's equations in integral form describe the relation of field vector, charge 
densities, and current densities over an extended region of space. The integral form of 
Maxwell's equations can be derived from its differential form by utilizing the Stokes's 






























 (conservation of magnetic flux)                                (1.4) 
where E

 in volts per meter (V/m), is the electric field intensity, H

 in amperes per meter 
(A/m) is the magnetic field intensity, D

 in coloumbs per square meter (C/m
2
) is the 
electric flux density or electric displacement vector, and B

is the magnetic flux density. 
The parameter v  is the volume charge density and J  is the electric current density. 









..      (1.5) 
1.1.3 Maxwell's equations in differential form 
The Maxwell's equations in differential form are the most widely used representation to 
solve boundary-value electromagnetic problem. They are used to describe and relate the 
current densities, charge densities  and field vector at any point in space at any time. For 
these expressions to be valid, it is assumed that the field vectors are bounded, single-
valued, continuous derivative and exhibit continuous functions of position and time. Field 
vectors associated with electromagnetic waves have these characteristics except where 
there exist abrupt changes in charge and current densities. Because there are discrete 
changes in the electrical parameters across the interface the discontinuous distribution of 
charges and currents usually occur at interfaces between media. The boundary conditions 
are the variations of the field vectors across such boundaries "interfaces". 
To describe the field vectors at any point and at any time requires not only Maxwell's 







The differential form can be found when we apply Stokes's theorem and divergence 









).(.   "divergence theorem "                   (1.7) 
Applying Stokes's and the divergence theorems to Maxwell's equations in integral form 
given by Eqs. (1.1),(1.2),(1.4) and (1.5), we get Maxwell's equations in differential form 


















                                                     (1.9)  
vD 

.                                                              (1.10) 
0.  B

                                                               (1.11) 
1.1.4 Constitutive relations 










 fields by the constitutive 




   HB

   EJ

                    (1.12) 
where,  ,  , and    are the dielectric permittivity, the magnetic permittivity and the 
conductivity of the medium respectively. The electric permittivity ε and the magnetic 
permeability μ are defined as 
r 0   (1.13) 
r 0                                                     
 (1.14) 
where r  is the relative permittivity of the medium, 0  is the free space permittivity, r  is 
its relative permeability of the medium, and 0  is the free space permeability. 
For charge free lossless media, where   and J  vanish " =0 , J =0", Maxwell's 
































                                                               (1.16) 
0..  ED

                                                                       (1.17) 
0..  HB

                                                                     (1.18) 
1.1.5 Homogenous wave equation 
The solution of the wave equation describes the propagation of energy in the free charge 










     (1.19) 











      (1.20) 
Using the following vector identity 
EEE

2).(       (1.21) 













      (1.22) 
Differentiation in the time domain is equivalent to multiplication by i  in the frequency 
domain, Eq. (1.22) becomes 
022  EE

      (1.23) 





      (1.24) 
In lossless medium, the wavenumber k is defined by k
2
=  2 . Then Eqs. (1.23) and 
(1.24) can be written as 
022  EkE

     (1.23) 
022  HkH







1.2 Planar optical waveguide 
1.2.1 Theory of waveguides 
The step-index planar slab waveguide is the simplest optical waveguide structure which 
consists of three layers, the substrate, the cover (cladding) and a thin layer called the film 
(core layer). The refractive index value of the film ( fn )  must be larger than that of the 
substrate ( sn ) and the cladding ( cn ) layer. So that it confines the guided wave inside the 
film. If the cladding and the substrate have the same refractive index, the waveguide is 
called symmetric; otherwise it is called asymmetric. The symmetric waveguide is a 
special case of the asymmetric waveguide. Fig. 1.1 shows a conventional asymmetric 
waveguide slab with csf nnn  . 
Moreover, the substrate and cover layers are much thicker than the operating 









Figure (1.1): The planar slab waveguide consisting of three layers .f s cn n n   
 
1.2.2 Total internal reflection 
Total internal reflection is the most important physical process in guided wave optics. 
The principle of optical confinement into a waveguide is based upon the phenomenon of 
total internal reflection (Sadiku, 2001). To illustrate the concept of total internal 
reflection we consider an incident plane wave travels into an optically denser medium of 
refractive index n1 to a less denser medium of refractive index  n2 as shown in Fig. 1.2. 
Snell's law shows that if 1  increases, it will reach a finite value at which 
o902  . If the 
angle of incidence c 1  where, c  is called critical angle . 
All of the light is reflected back into medium 1 Fig. 1.2(b). This total internal reflection 
















Figure (1.2): light rflection a) c 1  and b) c 1 . 1  and c  represent the incidence 
and critical angles, respectively. 
 
1.2.3 Basic waveguide equations  
In this subsection we will write the transverse components  yxyx HHEE ,,,  in terms of 
the longitudinal component  zz HE , . Consider an electromagnetic wave propagating in 
the slab waveguide shown in Fig. 1.1 in the z-direction. The electric and magnetic fields 
are supposed to have the sinusoidal form ( Kawano and Kitoh, 2001; Ghatak and 
Thyagarajan, 1998; Okamoto, 2010)  
   zjtjeyxEtzyxE   ),(,,, 0

                                 (1.26) 
  zjtjeyxHtzyxH   ),(,,, 0

                                 (1.27) 
where β is the propagation wavenumber along the guiding direction and   is the angular 
frequency. 
Using the curl equation of Maxwell's  
HjE

                                                           (1.28) 
EjH

      (1.29) 











































































          (1.31) 

























































                     (1.35) 






















































      (1.36)            







































                                                   (1.39) 
As the fields are assumed to be varying in the form of 
zje  , we can use equations (1.26) 
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E zzx 2                                           (1.49) 
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1.2.4 Slab waveguide  
In this subsection, it is intended to analyze the dielectric slab waveguide and obtain 
expressions for the guided modes. The waves in the slab waveguide will be traveling in 
the z-direction as shown in Fig. 1.3. The slab waveguide under consideration is infinitely 
extended in the y-direction, thus there is no variation in the field distributions in the y-









, we will rewrite Eq. (1.48) through Eq. (1.51): 
 
 



















































































1.2.5 Modes of slab waveguides  
In the slab waveguide there are two important modes in the analysis of slab waveguide 
a) when 0zE  and 0zH  this solution corresponds to a transverse electric wave 
"TE". 
b) when 0zH  and 0zE  this solution corresponds to a transverse magnetic 
wave "TM ".  
1.2.5.1 Transverse electric mode (TE) 
The existing mode field components are, zxy HHE ,, , and Helmholtz equation given by 












                                             (1.56) 
The non zero components of the H


















                                                   (1.58) 
1.2.5.2 Transverse magnetic mode (TM) 
The existing mode field components are, zxy EEH ,, , and the Helmholtz equation given 












                                     (1.59) 























1.2.6 Poynting vector and power considerations 
A useful concept for characterizing electromagnetic waves is the measure of power 
flowing through a surface. This quantity is called Poynting vector, defined as: 
HES

                                                        (1.62) 
It represents the instantaneous intensity (w/m
2
) of the wave. The Poynting vector points 




fields. The time 






                                              (1.63) 
where Re is Real part, 
*H

is the complex conjugate of H

. 
The total electromagnetic power moving into a volume is determined by a surface 
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                                                  (1.65) 
For a multilayer waveguide, the power flowing through the structure can be evaluated 
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LEFT-HANDED MATERIALS AND GRADED INDEX 
WAVEGUIDES 
This chapter is intended to present an overview of materials with negative electric 
permittivity and negative magnetic permeability. It also presents an overview of graded 
index. 
 
2.1 Concept of metamaterials 
Metamaterials have a special importance in electromagnetism (especially optics and 
Optoelectronics). They have several optical and microwave applications, such as new 
types of beam steerers, band-pass filters,  modulators, lenses, antenna radomes and 
microwave couplers. The concept of left-handed materials (LHMs) was first proposed by 
Russian physicist, Veselago, in 1986. These materials have both negative electric 
permittivity (ε) and negative magnetic permeability (µ) (Veselago, V. 1968). LHMs are 
synthetic composite materials which exhibit negative values of the index of refraction 
over a specific frequency range. Some peculiar properties of these materials have been set 
by Veselago as Cerenkov radiation, negative index of refraction, opposite phase, reversed 
Doppler effect and group velocities (Aluv, A. and Engheta  N. 2005; Qing, D. and Chen, 
G. 2004; Taya, S. 2015). The direction of propagation is in opposite direction of energy 
flow. 
2.2 The metamaterials history 
“Meta” is a Greek prefix meaning “beyond”, so metamaterials (MTMs) can be 
understood as materials that exhibit an extraordinary electromagnetic response. 
The properties of metamaterials are gained from its structure rather than directly from its 
composition. Veselago showed that LHMs can support backward waves. The concept to 
fabricate metamaterials with negative index of refraction seemed to be new and 
unfamiliar, so Veselago's work did not receive any interest for nearly 30 years. J. Pendry 
used wire array (thin wire structure) to produce negative permittivity and magnet-free 
split-ring resonator (SRR) structure to produce negative permeability. He and his co-
workers declared that the concept to make LHMs is to treat permittivity and permeability 
separately (Pendry, Holden, Robbins and Stewart, 1999). Shelby was the first who 
observed experimentally the negative refractive index (Shelby, R., Smith, D., and Smith, 
15 
 
S. 2001). J. Kong provided a general formulation for the electromagnetic wave 
interaction with stratified negative isotropic media (Kong J. 2002). He investigated 
transmission, reflection, and guided waves in stratified structure of LHMs. Engheta 
provided the prominent electromagnetic features of LHMs, physical remarks, potential 
future applications, and intuitive justification (Engheta, N. 2003). Sabah et al. presented 
the electromagnetic wave propagation through frequency-dispersive and lossy double-
negative slab embedded between two different semi-infinite media (Sabah, C., and 
Uckun, S. 2007). Many researchers continue to study the possible applications of LHMs 
and the fabrication technologies. The LHMs are widely used in absorbers, filters, lens, 
microwave components, and antennas, etc (Abadla, M. A., & Taya, S. A. 2011; Caloz, 
C., Chang, C., and Itoh, T. 2001; Gong, J. Q., & Chu, Q. X. 2009; Mahapati, M. S. 2015; 
Tretyakov, S. 2001; Xi, S., Chen, H., Wu, B. I., & Kong, J. A. 2008). 
 
2.3 Properties of left-handed materials  
2.3.1 Reflection of Snell's law   
The wave vector k

is in the opposite direction of the Poynting vector S

 in LHM. In a 
normal right-handed material (RHM) the wave vector k

and Poynting vector S

are in the 
same direction (Cai, W. and Shalaev, V. 2010; Liu, R., Cheng, Q., Cui, T. J., & Smith, D. 





, and the wave vector k

form a left-handed set. The direction of the 
Poynting vector S

and the direction of the group velocity are in the direction of the 
electromagnetic wave propagation. The orientation of wave vector k

 gives the direction 
of the phase velocity. Accordingly, the group and phase velocity will reverse and become 
antiparallel. The "negative group velocity", or the "backward wave"  corresponds to the 
antiparallel orientation. The antiparallelity of group and phase velocities immediately 




















    
  
 
Figure (2.1): Negative refraction of the electromagnetic wave at the interface a "right-
handed" and a "left handed" material. 
 
Along the way (1-2) the ray propagates through the interface between two media for 
positive values of   and  . If one of the media has negative    and  , the ray takes the 
bath (1-3). Schuster was the first who discussed uncommon propagation of the wave 
(Schuster, 1904). It is the result of the opposite travelling of the group and phase 
velocities and of the continuity of the tangential components of the wave vector at the 
interface between the two media (Markos and Soukoulis, 2008). 
2.3.2 Negative refractive index 
/Silver and gold/ and many metals have negative ε at visible wavelengths. A material 
having either ε or μ negative is opaque to electromagnetic radiation. The refractive index 
n is specified by the parameters ε and μ. The refractive index n can be determined from 
the relation n
2
= εμ. All known transparent materials possess positive values for ε and μ. 
By convention the positive square root is used for n. However, LHMs have ε < 0 and μ< 
0; because the product εμ is positive, n is real. Under such circumstances, it is necessary 
to take the negative square root for n. Physicist Victor Veselago proved that such 
substances can transmit light (Veselago, V. 1968).   
LHMs have many properties: 
 The time-averaged Poynting vector is anti-parallel to phase velocity. This means 
that the wave fronts are moving in the opposite direction to the flow of energy. 
 Snell's law (n1sinθ1 = n2sinθ2) still applies, the rays will be refracted on the same 
side of the normal on entering the material when n2  is negative. 
 Cherenkov radiation points the other way. 
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 The Doppler shift is reversed: that is, a light source moving toward an observer 
appears to reduce its frequency (i.e radar and sitens). 
 The electric field, magnetic field and Poynting vector (or group velocity) follow a 
left-hand rule for plane waves propagating in such metamaterials. 
2.4 Design of left-handed materials 
Left-handed materials are not found in nature. They have been constructed in 2000 
artificially. The design of LHMs with artificial structure realize their specified physical 
properties that can be regarded as a quasi-uniform medium in a macroscopic view 
(Takeda S. and Yoshinaga T., 2009). The energy of electromagnetic field is given by 






















    (2.1) 
The permittivity   and permeability   must depend on frequency. Moreover, 
permittivity and permeability must be complex, such as any lossy media. Otherwise, the 






                       (2.2) 
which would have unacceptable negative value for negative   and   (Markos and 
Soukoulis, 2008). The wire array media can be described by the effective dielectric 























01)(     (2.4) 
where p  plasma frequency, 0  is the resonance frequency, 
  is the electron scattering 
rate and  F is the fractional area occupied by the split ring. 
 
2.5 Application of metamaterials 
Because of the exciting and unusual properties, metamaterials have many applications. 
The perfect lens is the most exciting possible application. The LHM lens does not have 
any curvature or axis, nor does it magnify small objects or focus parallel rays compared 
to a conventional convex lens. So, the perfect lens can be used in medical imaging, 
nondestructive detections and optical imaging. To achieve resolution beyond the 
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diffraction limit a superlens uses metamaterials. In conventional optical lenses or devices 
the diffraction limit is inherent. The first super lens in the microwave regime was realized 
in 2004, which demonstrated resolution three times better than the diffraction limit. 
(Grbic, A. and Eleftheriades, G. V. 2004). By using thin silver film the first optical 
superlens was proposed (Fang, N., Liu, Z.,  Yen, J., and Zhang, X. 2003). LHMs also 
played a significant role in the practical realization of an invisibility cloak (Schurig, D., 
Mock, J. J., Justice, B. J., Cummer, S. A., Pendry, J. B., Starr, A. F., and Smith, D. R. 
2006; Thakur, V., & Chaudhary, D. 2014). It has been designed for operation over a 
narrow band of microwave frequencies and substantially decreases forward and backward 
scattering from the object. So the LHMs can be used in other application areas such as 
coupler (Caloz, C., Sanada, A.,  Liu, L., and Itoh, T. 2003; ), leak wave antenna and 
absorber (Jackson, D. R., Caloz, C., & Itoh, T. 2012; Liu, L., Caloz, C., and Itoh, T. 
2002).   
 
2. 6 Graded-index fibers  
An optical thin-film waveguide is a long structure having three dielectric regions. The 
three dielectric regions are a thick region with an index ns, a thin layer of an index nf, and 
a thick region with an index nc. The thin layer has the largest index and is called the film 
region. The thick region with the smallest index is called the cladding region. The region 
having the second lowest index is called the substrate region. The film region has the 
largest index nf. Fields are mainly confined in this region. The film thickness is 
comparable to the operating wavelength λ. In contrast, the cladding and substrate regions 
are much thicker than λ. We take the two thick regions as infinitely thick as an 
approximation. The simplest method to make a thin-film waveguide is to dip a plate in, or 
to spin-coat a plate with, polymer or photoresist. By dipping or coating, a thin layer of 
polymer or photoresist is formed on the plate and a thin-film waveguide is there by 
formed. Thin-film waveguides can also be made by sputtering one type or another of 
glass or by dipping a glass slide into molten AgNO3, thereby forming a high-index layer 
via the Ag ion exchange processes. Numerous techniques exist to form high-index layers 
on Si, GaAs, InP, or other semiconductor substrates. Many processes may be used to 
form waveguide layers on lithium niobate (LiNbO3) and lithium tantalate (LiTaO3) 
substrates, the    in-diffusion process is the most popular method of making LiNbO3 and 
LiTaO3 waveguides. The main attribute of lithium niobate, lithium tantalate, GaAs, or 
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InP waveguides is that these materials are electro optic, and the waveguide characteristics 
can be tuned by applying static, radio-frequency, or microwave electric fields to the 
waveguide material. Glass slides and Si wafers are widely available and at a reasonable 
cost. Aside from, Si and glass technologies are two matured and advanced technologies. 
The index profile of the photoresist–glass or polymer–glass waveguides can be 
represented by three straight-line segments with abrupt index change at the boundaries. 
Waveguides with such an index profile are known as step-index waveguides. The index 
of LiNbO3, LiTaO3, semiconductor waveguides, or ion-exchanged glass waveguides 
changes gradually in the film and substrate regions. In fact, the film and substrate regions 
may merge into one region and the index changes continuously as a function of position. 
The precise index profile would depend on the waveguide materials and the fabrication 
processes involved. For example, the index profile of many in-diffused LiNbO3 or 
LiTaO3 waveguides can be approximated by an exponential function. These waveguides 























TE GRADED INDEX 






TE GRADED INDEX SLAB WAVEGUIDE  
 
We consider a three-layer waveguide structure with a linearly graded-index profile film. 
We consider the electric field perpendicular to the plane of incidence (s-polarizes wave 
(TE)) to propagate in such a waveguide.   
 
3.1 Characteristic equation 
The proposed structure is shown in Fig. 3.1. It consists of a guiding layer of thickness h 
and permittivity εf  and permeability µf. The film has a graded-index refractive index. The 
substrate and cladding are semi-infinite and have the parameters (εs and µs) and (εc and 
µc), respectively. We consider s-polarized waves (TE) guided by a linearly graded index 




      (3.1) 





electric and magnetic fields, respectively, and  j is the imaginary number.   










































































  into Eq.(3.2) then 
multiplying by 2  we get 











      (3.3) 
where   is longitudinal propagation constant and k  is the free space wave number. 
Eq. (3.3) is Helmholtz equation for transverse electric modes . In the cladding and 
substrate layers, the refractive indices cn and sn  are constants. In the film region, )(
2 xn
changes linearly from 
2
fn at x = 0 to 
2
sn  at x = −h. It is given by 













Figure (3.1): A schematic diagram of linearly graded-index film waveguide. 
 












 ')( hx       (3.6) 
where a, b and V are three generalized parameters. 
 










 .      (3.7) 
The generalized frequency (V), also known as the generalized film thickness given by 
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 .          (3.9) 
C and C' are constants representing the wave amplitudes. 
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In the film, Helmholtz equation reads  















    (3.10) 
Equation (3.10) is a homogeneous second-order differential equation. The coefficient of  
Ey(x) is not constant but varies with  x according to a linear function. To change the 
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     (3.12) 
This is a well-known differential equation. It is Bessel equation of fractional order. The 
order of the above equation is 
3
1
. The two independent solutions are Airy functions 
)(Ai  and )(Bi . When   is negative, )(Ai  and )(Bi  are oscillatory waves. )(Ai  
exponentially decays and )(Bi  exponentially grows when   is positive. Then )(yE  
can be expressed in terms of the two solutions as  
)()()( 32  BiCAiCEy       (3.13) 
where C2 and C3 are two constants representing the amplitude of the wave in the guiding 
film. In terms of x, Ey(x) reads 






































2  (3.14) 
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)(      (3.17) 
To derive the dispersion relation, we apply the boundary conditions which implies the 
continuity of the tangential components. Then we have )(xE y  and )(xH z are continuous 
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at x = 0 and x= −h. Applying the boundary conditions at x=0, led to the following 
equation is obtained   
   


























































   (3.18) 
where a prime means the differentiation with respect to x. In a similar manner, the 




















































   (3.19) 
Since the left-hand sides of Eqs. (3.18) and (3.19) are the same, we equate right-hand 
sides, we obtain the dispersion relation for TE guided modes in a linearly graded-index 
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3.2 Dispersion curves and numerical results 
The dispersion curves are very important in slab waveguide fabrication for the use in 
optoelectronics applications. They can be obtained by solving the dispersion relation 
given by Eq. (3.20) using maple software version 17. If the asymmetry measure (a) is 
taken to be zero, then the index of refraction of the substrate is equal to that of the 
cladding and we have a symmetric waveguide in which the two indices are the same. If 
the asymmetry measure (a) is negative then the index of refraction of the substrate is less 
than that of the cladding and we have a reverse symmetry configuration waveguide 
structure. When (a) is positive, then we have asymmetric waveguide configuration which 
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is considered the normal kind of symmetry. In our calculations, we will consider 
oscillating guided modes by three-layer asymmetric waveguide configuration.  
Three cases are considered. In the first case, the cladding is assumed to be a left-handed 
material and the substrate is a normal dielectric with positive index of refraction. 
Therefore, the permittivity (εc) and the permeability (µc) of the cladding are 
simultaneously negative. In the second case, the substrate is taken to be a left-handed 
material with negative permittivity (εs) and permeability (µs) where as the cladding is 
assumed to be a normal dielectric with positive parameters. The third case assumes both 
the cladding and substrate are left-handed materials with negative parameters. 
 
3.2.1 Left handed material cladding 
In this case, a left handed material cladding is assumed and a = 10. Figure 3.2 shows the 
generalized guide index b versus the generalized frequency V for TE guided modes by a 
waveguide structure with a linearly graded-index film for different values of µc. The 
solid, dashed, dotted and dashed dotted curves correspond to c = -13,-14,-15, and -16, 
respectively. As the figure reveals the waveguide under consideration exhibits the normal 
dispersion property in which b increases as V increases. Moreover, increasing the 
absolute value of c  at constant a leads to a slight decrease of the generalized guide 
index b. Decreasing b means that the effective refractive index decreases and thus the 
confinement of the wave in the guiding film also decreases. When the absolute value of 
c  increases the index of refraction of the cladding also increases at constant film and 
substrate indices. This shifts the guided wave towards the cladding. This behavior is very 
important for sensing applications in which the enhancement of the evanescent field in 
the cladding layer improves the sensitivity (Horváth, R., Pedersen, H., Skivesen, N., 
Selmeczi, D., and Larsen, N. 2003; Taya, S. A., El-Farram, E. J. and El-Agez, T. M. 
2012; Taya, S. A., and El-Agez, T. M. 2012; Skivesen, N., Horvath, R., Thinggaard, S., 
Larsen, N., and Pedersen H. 2007; Taya, S. A., Kullab, H. M.,  and Qadoura, I. M. 2013; 
Taya, S. A., Jarada, A. A., and Kullab, H. M. 2016; Clerc, D., Lukosz, W. 1997).  
The permeability of the cladding layer is now fixed ( 15c ) and change the 
asymmetry measure a. Figure 3.3 shows the generalized guide index b versus the 
generalized frequency V of the guided waves by a linearly graded-index film for different 
values of a. The solid, dashed, dotted and dashed dotted curves correspond to a = 19, 16, 
13 and 11, respectively.  
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The figure reveals a behavior different from that observed in Fig. 3.2. Increasing the 
value of the asymmetry measure (a) leads to an increase of generalized guide index (b). 





































Figure (3.2): b-V diagram of the waves guided by a waveguide structure with a linearly 
graded-index film for different values of µc and a = 10. The cladding is left-handed 
material and the substrate is lossless dielectric.  
 




































Figure (3.3): b-V diagram of the waves guided by a waveguide structure with a linearly 
graded-index film for different values of a and µc = -15. The cladding is left-handed 




3.2.2 Left handed material substrate 
In this case, the dispersion properties of the proposed structure are studied when the 
cladding is a lossless dielectric and the substrate is left-handed material with negative 
parameters. The generalized guide index b versus the generalized frequency V of the 
guided modes are illustrated in Fig. 3.4 for a = 10 and different values of µs. We used µs= 
-2, -3, -4, and -5. As the figure shows, increasing the absolute value of µs leads to a slight 
decrease of the generalized guide index b especially for low generalized frequency V. 
When b decreases, the effective refractive index decreases and therefore the confinement 
of the wave in the film decreases. In a similar manner to Fig. 3.2, when the absolute 
values of µc or µs increase, the index of refraction of the cladding or substrate increases at 
constant film index. This shifts the guided wave towards the cladding or substrate. The 
figure also reveals that the effect of increasing µs on the dispersion properties is not 
apparent especially beyond V = 15.  
The permeability of the substrate layer is now fixed ( 4s ) and we change the 
asymmetry measure a. The b-V diagram of TE modes guided by the proposed waveguide 
structure for different values of a and µs = -4 are plotted in Fig. 3.5. We use the values of 
a of 8, 12, 16 and 20. Increasing the value of a leads to a decrease of b. 












































Figure (3.4): b-V diagram of the waves guided by a waveguide structure with a linearly 
graded-index film for different values of µs and a = 10. The substrate is left-handed 
material and the cladding is lossless dielectric.  
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Figure (3.5): b-V diagram of the waves guided by a waveguide structure with a linearly 
graded-index film for different values of a and µs = -4. The substrate is left-handed 
material and the cladding is lossless dielectric.  
 
3.2.3 Left handed material both cladding and substrate 
Finally, we treat the dispersion properties when of the proposed linearly graded-index 
film is surrounded by a left-handed material from both sides of the cladding and 
substrate. We consider a left handed material substrate with µs= -4 and a = 10. The 
generalized guide index b versus the generalized frequency V is shown in Fig. 3.6 for 
different values of µc. We use the values c = -13, -14, -15, and -16. As can be seen, 
increasing the absolute value of c  at constant a and µs causes a noticeable decrease of 
the generalized guide index b. This behavior is exactly the same as that observed in Fig. 
3.2. Decreasing b means that the effective refractive index of the guided mode decreases. 
This leads to a less confinement of the wave in the core layer. In Fig. 3.7, we show the b-
V diagram of the guided waves for different values of µs. The substrate and cladding are 
both left-handed material with a = 10 and µc = -15. The solid, dashed, dotted  and dashed 
dotted lines correspond to µs = -2, -4, -6, and -8. As the figure reveals, increasing the 
absolute value of s  
has a barely detectable effect on the dispersion properties of the 
waveguide. The inset of Fig. 3.7 shows an enlarged view of part of the curve.  
Figure 3.8 shows the dispersion properties of the proposed waveguide structure for 
different values of a. The substrate and cladding are both left-handed material with µs = -
29 
 
3 and µc = -15. We use the values of a = 20, 16, 12 and 9. Increasing the value of a leads 
to an increase of b. 


































Figure (3.6): b-V diagram of the waves guided by a waveguide structure with a linearly 
graded-index film for different values of µc. The substrate and cladding are both left-
handed material. a = 10 and µs = -4. 






































Figure (3.7): b-V diagram of the waves guided by a waveguide structure with a linearly 
graded-index film for different values of µs. The substrate and cladding are both left-
handed material. a = 10 and µc = -15.   
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Figure (3.8): b-V diagram of the waves guided by a waveguide structure with a linearly 
graded-index film for different values of a. The substrate and cladding are both left-






























TM GRADED INDEX 

















TM GRADED INDEX SLAB WAVEGUIDE  
 
Athree-layer waveguide structure with linearly graded-index film is considered. We 
assume TM waves to propagate in this waveguide structure.  
 
4.1 Dispersion relation for TM modes 
The proposed structure is shown in Fig. 3.1. It consists of a guiding layer of thickness h 
and permittivity εf and permeability µf. The film has a graded refractive index. The 
substrate and cladding are semi-infinite and have the parameters (εs,µs) and (εc,µc), 
respectively. We consider the electric field is parallel to the plane of incidence (p-
polarized waves (TM)) guided by a linearly graded-index waveguide.The curl equation of 
Maxwell for the magnetic field is given by 
EjH

      (4.1) 





magnetic and electric fields, respectively, and  j is the imaginary number.   
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  into Eq. (4.2) then 
multiplying by 
2  we get 











     (4.3) 
where   is longitudinal propagation constant and k  is the free space wave number. 
Eq. (4.3) is Helmholtz equation for transverse magnetic modes.  

















In the film, Helmholtz equation reads 
















    (4.6) 
Equation (4.6) is a homogeneous second-order differential equation. The coefficient of 
Hy(x) is not constant but varies with x according to a linear function. To change the 
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     (4.8) 
which has the solutions  
)()()( 32  BiCAiCH y       (4.9) 
In terms of x, Hy(x) reads 






































2   (4.10) 
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)(                      (4.13) 
To get the characteristic equation, the boundary conditions which implies the continuity 
of the tangential components must be applied. Then we have
 
)(xH y  and )(xEz  are 
continuous at x = 0 and x= −h. We are led to the following equation by applying the 
continuity requirement at x=0,    
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   (4.14) 
where a prime means the differentiation with respect to x. In a similar manner , the 




















































   (4.15) 
Since the left-hand sides of Eqs. (4.14) and (4.15) are the same, we equate right-hand 
sides, we obtain the dispersion relation for TM guided modes in a linearly graded-index 
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4.2 Dispersion curves and numerical results 
By solving Eq.(4.16), one can obtain the dispersion curves of the proposed linearly 
graded index structure. We will again consider three cases. In the first case, the cladding 
is assumed to be a left-handed material and the substrate is a normal dielectric with 
positive index of refraction. Therefore, the permittivity (εc) and the permeability (µc) of 
the cladding are simultaneously negative. In the second case, the substrate is taken to be a 
left-handed material with negative parameters where as the cladding is assumed to be a 
normal dielectric with positive parameters. The third case assumes both the cladding and 






4.2.1 Left handed material cladding 
The cladding is assumed to be left handed material and a = 10. Figure 4.2 shows the 
generalized guide index b versus the generalized frequency V of p-polarized guided 
waves by the proposed structure for different values of c . The solid, dashed, dotted and 
dashed dotted curves correspond to c = -2.4,-2.3,-2.2, and -2.1, respectively. As can be 
seen from the figure, at constant (a) increasing the absolute value of c  causes a barely 
detectable decrease of the generalized guide index (b). Decreasing b means that the 
confinement of the wave in the guiding film decreases and the effective refractive index 
also decreases. The index of refraction of the cladding increases when the absolute value 
of c  increases, at constant film and substrate indices. This shifts the guided wave 
towards the cladding. This behavior is very essential for sensor application in which is 
the enhancement of the evanescent field in the cladding layer improves the sensitivity. 
The asymmetry coefficient a is now changed at constant c  ( 2.2c ). Figure 4.3 
shows generalized guide index b versus the generalized frequency V of the guided waves 
for different values of a. The solid, dashed, dotted and dashed dotted curves correspond 
to a= 25, 50, 100 and 150, respectively. The figure reveals a behavior different from that 
observed in Fig. 4.2. Increasing the value of a leads to an increase of b. 









































Figure (4.1): Universal dispersion curves of the slab waveguide with graded-index film 








































Figure (4.2): Universal dispersion curves of the slab waveguide with graded-index film 
for different values of a and c = -2.2. The cladding is LHM and the substrate is lossless 
dielectric. 
 
4.2.2 Left handed material substrate 
The cladding is a normal dielectric of positive and lossless ε and µ and the substrate is 
LHM with negative parameters. The dispersion properties of the proposed structure was 
studied. 
The generalized guide index b versus the generalized frequency V are illustrated in Fig. 
4.4 for a = 10 and different values of s . The values s = -5.5, -5.8, -6.1, and -6.4 were 
assumed. As can be seen from figure, increasing the absolute value of
 s
 decreases the 
normalized guide index b. When b is decreased, the confinement of the wave in the film 
decreases and the effective refractive index decreases. In a similar manner to Fig. 4.2, the 
index of refraction of the cladding or substrate increases when the absolute values of c  
or s  increases, at constant film index. This shifts the guided wave towards the cladding 
or substrate. 
The universal dispersion curves of the slab waveguide with a linearly graded-index film 
for different values of a and 8.5s  are illustrate in Fig. 4.5. We have taken a of 4, 6, 
8 and 10. Increasing the value of a leads to a decrease of b. 
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Figure (4.3): Universal dispersion curves of the slab waveguide with graded-index film 
for different values of s  and a = 10. The substrate is LHM.  




































Figure (4.4): Universal dispersion curves of the slab waveguide with graded-index film 









4.2.3 Left handed material cladding andsubstrate 
We propose alinearly graded-index film waveguide structure. The film is embedded 
between two left-handed materials. We assume the following parameters
 
8.5s and a 
= 10. The Universal dispersion curves are plotted in Fig. 6 for different values of c . The 
following values are assumed c = -1.1, -1.4, -1.7, and -2.1. As the figure reveals, at 
constant a and s  increasing the absolute value of c  causes a slight decrease of the 
generalized guide index b. This behavior is in agreement with that observed in Fig. 4.2. 
When the effective index and the normalized index decrease, a less confinement of the 
wave in the film layer occurs. In Fig. 4.7, we illustrate the universal dispersion curves at 
constant c  and a and variable s . We employ the values of s  = -5.7,-5.3,-4.9 and -4.5. 
As can be seen from the figure, increasing the absolute value of s  at constant a and c  
causes a noticeable decrease of the generalized guide index b. The dispersion properties 
of the proposed waveguide structure for different values of a can be seen in Figure 4.8. 
The substrate and cladding are both left-handed material with s = -3 and c  = -15. We 
use the values of a = 25,50,100 and 150. Increasing the value of aleads to an increase of 
b. 





































Figure (4.5): Universal dispersion curves of the slab waveguide with graded-index film 
for different values of c . The substrate and cladding are LHMs with  a = 10 and 
8.5s .  
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Figure (4.6): Universal dispersion curves of the slab waveguide with graded-index film 
for different values of s . The substrate and cladding are both LHMs with a = 10 and 
7.1c .   






































Figure (4.7): Universal dispersion curves of the slab waveguide with graded-index film 





































Three–layer slab waveguide structure in which the guiding layer has a linearly graded-
index film was considered. The solution of Helmholtz equation in the core layer was 
represented by Airy functions )(Ai and )(Bi  for TE and )(Ai and )(Bi for TM. 
Three different slab waveguide structures were investigated using the normalized 
parameters a, b, and V. In the first structure, the cladding layer was assumed to be left-
handed material, in the second one the substrate was left-handed material and in the third 
both cladding and substrate were left-handed materials. The dispersion equations were 
derived in terms of the normalized waveguide parameters. The properties of the 
dispersion characteristics were investigated for the three asymmetric slab waveguides 
structures under consideration. The results showed that the proposed waveguide exhibits 
the normal dispersion property in which b increases as V increases. Increasing the 
absolute value of c  or s  at constant a leads to a slight decrease of the generalized 
guide index b. When the generalized guide index bdecreases, the effective refractive 
index of the guided mode decreases and therefore the confinement of the wave in the 
guiding film also decreases. 
The following thoughts are assumed to conduct in the future: 
 Three–layer slab waveguide structure comprising LHM layer in which the guiding 
layer has exponentially graded-index film. 
 Three–layer slab waveguide structure comprising LHM layer in which the guiding 
layer has arbitrary graded-index profile by applying the WKB method to derive an 
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